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Abstract. In this paper we investigate the properties of the Euler functions. By using 
the Fourier transform for the Euler function, we derive the interesting formula related 
to the infinite series. Finally we give some interesting identities between the Euler 
numbers and the second kind Stirling numbers. 



}1. Introduction/Definition 



The constants in the Taylor series expansion 

(1) F(t) = - T — = V E n - for \t\ < 7T, (see [1-31]), 

n=0 

are known as the Euler numbers. The first few are 1, — |, 0, |, • • • , and E^k = 
for k = 1,2,3,- •• . These numbers arise in the series expansions of trigonometric 
functions, and are extremely important in number theory and analysis. The Euler 
polynomials, E n (x), are defined as 

2 °° t n 

(2) F(x,t) = F(t)e xt = ~r^e xt = ]Ti? n (x)-, for xeR. 

71=0 

For 16R with < x < 1, the Euler polynomials are called the Euler functions. From 
(1) and (2) we can derive 



E n (x) = Y^(^jE lX n -\ where 



(3) 

1=0 



n\ n(n — 1) • • • (n — I + 1) 



I 11 



Key words and phrases. Euler numbers, Fourier transform, infinite series, Euler function. 
2000 AMS Subject Classification: 11B68, 11S80 



1 



Typeset by ^M^-TgX 



Thus, we obtain the distribution relation for the Euler polynomials as follows. For 
d GN with d = 1( mod 2), we have 



Y J {-l) k E n {^) = d- n E n {x). 

k=0 



By (1), it is easy to see that the recurrence relation for the Euler numbers is given by 
(4) Eq = 1, and, ^^jEi + E n = 2(5 , n where <5o, n is Kronecker symbol. 



1=0 

From (3) and (4), we note that 

(5) E n {l) = J2 (f) E i = - E n, for n > 1. 

Thus, we obtain the following lemma. 
Lemma 1. For n e N, we have E n (l) = —E n . 
From (3) we can easily derive 



dE n (x) d 

(6) 



k=0 v 7 fc=0 v 7 



fc=0 v y fc=0 v 7 



By (6), we obtain the following proposition. 
Proposition 2. For n>0, we have 



(7) 



/ E n (t)dt= -L-E n+1 (x). 
Jo n + i 



In this paper we investigate the properties of the Euler functions. By using the 
Fourier transform for the Euler function, we derive the interesting formula related 
to the infinite series. Finally we give some interesting identities between the Euler 
numbers and the second kind Stirling numbers. 



§2. Euler Functions 
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In this section, we assume that E n (x) is the Euler function. Let us consider the 
Fourier transform for the Euler function, E n (x), as follow. For m G N, the Fourier 
transform on the Euler function is given by 



(8) 
where 
(9) 

From (9), we note that 



E m (x)= a^e^ +1 ^ x , (a^eC), 



a M = ! E m {x)e- {2n+l) ™ x dx. 
Jo 



a 



(m) 



/ J E m (x)e-^ (2n+1)x rfx 
Jo 



(10) 



£ ; m+l(^) c - 7r j(2n+l) 

m + 1 
(2n + l)iri f 1 



+ 



(2n + 1)tu 



E m+1 (x)e-( 2n+1)7Ttx dx 



m + 1 



m+1 

+ l)nixr _ (2n + I)?™ (m+1) 



E m+1 (x)e-^ +1 ^dx = - -— a n 

m + 1 



Thus, we have 
(11) 



a (m) _ 



m 



(2n+l)ni 
It is easy to see that 



„(m-l) _ w(w-l) ( m -2) _ . . . _ 



m! 



((2n + l)vri) 2 " a " 



(i) 

((2n + l)«) m - 1 " n ' 



-a 



(12) 



a« = / E 1 (x)e- {2n+1)7Ttx dx= [ (x - he^ 2n+1 ^ tx dx 
Jo Jo 2 

— r 

H l)7Ti Jo 



(2n + l)ni 
2 

((2n+ l)vri) 2 ' 



( x — }i) e -(2n+l)Trix 

y 2 ! 



+ (2n + 



e -(2n+l)nix dx 



From (11) and (13), we can derive 



(13) 



al m ) = 2 



m! 



((2n + l)7ri) m+1 ' 



m 



e N, and ai 0) = 



(2n + l)m 



By (8) and (13), we see that 
E m {x) = m\2 



x e (2n+l)7rix 



((2n + l)7ri) 



m+ 



r , for < x < 1. 



Therefore, we obtain the following theorem. 
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Theorem 3. For m E Z + = N|J{0}, x ER with < x < 1, we have 

00 e (2n+l)iTix 

E m (x) = m\2 V tt. 

V ' / J I In i i\ •\7Tl+l 

nf^oo (( 2n + 

If we take x = 1, then we have 

oo ^ 

(14) £ m (l) = -m!2 J] 



((2n + l)7ri) m+1 ' 



By (14) and Lemma 1, we obtain the following corollary. 
Corollary 4. For m E Z + = N|J{0}, we have 

oo ^ 

£ m = m!2 V — — TT . 

n±"oo((2n + lM m+1 

From Corollary 4, we note that 

F _ r _ n m+i 2 (2m+l)! 1 
2m + ! ~~ v ^ z 7r 2 ™+ 2 (2n + l) 2m + 2 

n= — oo ^ ' 

Thus, we have 

(151 V 1 = ( pm+l g 2m+l 

1 J ^ (2n + l) 2 ™+ 2 1 J 2(2m+l)! 

n= — oo v ' v ' 

By (15), we obtain the following corollary. 
Corollary 5. For m E Z + , we /iai>e 



E l _/ i\m+l £ 2m+l 2r»+2 

(2n + l) 2 ™+ 2 1 J 4(2m+l)! 



^(2n + l) 2 ™+ 2 v y 4(2m+l) 

Note that 



(16) 



1 oo oo oo / oo / 

= £ e"~(-l)» = E(^) n (-!) n = E £ T 



/ „ „! ( 1)-: •• 



n=0 



^ a 1 !a 2 !---(l!) a i(2!)^... 
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a ,ai+2a 2 + -- 



Let p(i,j) : ai + 2a 2 + • • • = i, a\ + a 2 + • • • = j. From (16), we note that 

(17) =yr-ir (ynu-ir y - tit 

^ l J 1^ 1 J ^ ai!a 2 !---a m ! (l!W2!V* • • • (m!W m! 

m=0 \n=0 p(m,n) 

oo m m 

= £(-l) m ^!(-l)^ 2 (m,n)^, 

m=0 n=0 

where s 2 (m, n) is the second kind Stirling number. 
By the definition of Euler number, we easily see that 

1 1 / O \ 1 < ~*^ 777, 

(18) = -( ) = - V (-l) m E m ^-, (see [5] ). 

v ' l + e~ x 2\l + e- x J 2 ^ K 1 ml V LW 

V 7 m=0 

By comparing the coefficients of on the both sides of (17) and (18), we obtain 

oo 
n=0 

where s 2 (ra, n) is the second kind Stirling number. 
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